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COMBINATION : CIRCLE AND LINE

peter.vlasschaert@gmail.com,10/07/2017 version 1 : math "circle and line” equations : lines pl,p2 => m,n
(implicit) circle p3,p4 => a,b,r (explicit)

- pliy=ml1*x+nl; p2:y=m2*x+n2; p3:(x-al) 2+ (y-bl)"2=r1"2; p4:(x-a2)"2+(y-b2) " 2=r2"2;

y=mlz+nl (%001)
y = m2z + n2 (%002)
(y—b1)>+ (z — a1)* = r1? (%03)
(y—b2)* + (z — a2)? = r2? (%04)

line p1,line p2

- ql:part(pl,2)=part(p2,2); q2:part(solve([ql], [x]),1);

mlxz+nl = m2x+ n2 (%05)
n2 — nl
T g —mi (%06)

subst : g2 in pl rem : abs(m2-m1) <> 0 for intersection

- g3:ratsimp(ev(pl,q2));

mln2 —m2nl

v m2 — ml (%o7)
line pl,circle p3 a) find : intersection (p1,p3)
- q4:ev(p3,pl); q5:lhs(q4)-rhs(q4)=0; q6:expand(q5);
(mlz+nl —b1) + (z—a1)® = r1? (%08)
(miz+ni —b1)?+ (x—al)>=ri2=0 (%09)
m122® + 2% +2mi nix —2b1 miz —2alx —r1% +n1? —2b1 nl + b1* + a1> =0 (%010)
b)find: a*x"2+4+b*x+c=0 a=>q7a b=>q7b c=>qT7c
- q7a: part(coeff(q6,x,2),1); q7b:part(coeff(q6,x,1),1); q7c:part(coeff(q6,x,0),1);
mi1? +1 (%o11)
2mi1 nl —2b1 m1 — 2al (%012)
—r1% 4+ n1? —2b1 nl + b1* + a1? (%013)
- q8: q7a*x"24q7b*x+q7c=0; q9:solve([ ¢8: q7a*x"2+q7b*x+q7c=0], [x]);
2 2 2 2 2 2 _
(m1? +1) 2° + (2m1 nl —2b1 mi —2al)x —r1* +ni® —2b1 nl + b1° + al® =0 (1)



\/(m12—|—1) r1%2 —n1% 4 (2b1 —2a1 m1) nl — a1? m1? + 2al b1 m1 — b1* + m1 nl — b1 ml — al
mi® 41

\/(m12—|—1) r1? —ni?+ (2b1 — 2a1 m1) ni — a1® m1? +2a1 b1 m1 — b1* — mi ni + b1 m1 + al
mi?+1

r=—

, T

(2)

o)find : (m1°24+1)*r1"2-n1"24+(2*b1-2*al*ml)*nl-al"2*m1"242*al*b1*m1-b1°2 >= 0 => real solution circle
p3,circle p4 solve: system(p3,p4) a) -1*p3

- ql0:-1*expand(p3); qlOa:expand(p3); qll:expand(p4);

—y? +2b1y — 2% + 2alx — b1® — al® = —r1> (%016)
Y — 201y + 2® — 2alx + b1% + a1? = r1? (%017)
y? — 202y 4 22 — 202z + b2% 4 a2? = r2? (%018)

b) add(ql0,q11) result : a*x+b*y +¢=0a =ql3ab = ql3bc = ql3crem: y=-a/b*x-¢c/b, m =-a/b,n =
-¢/b

- q12:q114q10$ q13:rhs(q12)-lhs(q12)=0;

202y — 2b1y + 202z — 2alx + 2% — r1% — 022 + b1 — a2? + a1> =0 (%020)

—> ql3a : part(coeff(ql13,x,1),1); q13b :part(coeff(q13,y,1),1); ql3c :ev(part(ql3,1),x=0,y=0);

2a2 — 2al (%021)
202 — 2b1 (%022)
r2% —r1% — b2 + b1* — a2% 4 a1 (%023)
—> ql4:q13a*x+ql13b*y+ql3c=0;
(202 — 2b1)y + (202 — 2al) z + 122 — r1? — 2% + b1% — a2% 4+ a1> =0 (%024)

—> ql4lm:m=-q13a/q13b; ql4ln:n=-q13c/q13b;

2al1 — 2a2
" b2 — 2b1 (%025)
—r22 4 112 4+ b2% — b1?% + 422 — a1?
= 2
" 202 — 2b1 (%0026)
c) solve ql4 for x
- ql5:part(solve([ql4], [x]),1);
202 — 2b1 2 _p12 - 22 4 b1% — 422 + a1?
x:—( 2 Jy+r2®—r 2+ a2® +a (%027)

202 — 2al

d) insert x into ql0a,numerator(ql7)=num. ratio = num/denom



- ql6:ratsimp(ev(ql0a,ql15))$ q17: part(ql6,1,1)=0;

(4027 — 8b1 b2 + 4b1% + 4a2? — 8al a2 + 4a1?) y* + ((4b2 — 4b1) r2% + (4b1 — 4b2) r1?
—4b2% +4b1 b2* + (4b1° — 4a2? +8al a2 —4al?) b2 —4b1° + (—4a2? + 8al a2 —4al®) b1)y
+ 72t 4 (=2r1% — 2b2% + 2017 — 2a2? + 4al a2 — 2a1?) r2% + r1*

+ (2027 — 2b1% + 2027 — 4al a2 + 2a1?) 717 + b2* + (=217 + 2a2? — 4al a2 + 2a1?) b2*
+b01* + (2a2% — 4al a2 + 2a1?) b1” + a2* — dal a2® + 6al1® a2® —4al® a2 + al* =0

3)

e) find : coef’s aa*y”2+bb*y+cc = 0 aa =ql7a bb =ql7b cc =ql7c

- ql7a:part(coeff(ql7,y,2),1); q17b:part(coeff(q17,y,1),1); ql7c:ev(part(ql7,1),y=0);

4522 — 8b1 b2 + 4b1* + 402 — 8al a2 + 4al? (%030)

(4b2 — 4b1) 2% + (4b1 — 4b2) r1% — 4623 + 4b1 b2? (4)
+ (4b1” — 402 + 8al a2 — 4a1?) b2 — 4b1° + (—4a2? + 8al a2 — 4a1?) b1

r2* + (—2r1% — 2b2° 4 2b1% — 2a2% + 4al a2 — 2a1?) r2* + r1*
+ (202 — 2b1% + 2022 — 4al a2 + 2a1?) r1% + b2* + (—2b1° + 2a2? — 4al a2 + 2a1?) b2?
+b1* + (202 — 4al a2 + 2a1?) b1® + a2 — 4al a2® + 6a1? a2® — 4a1® a2 + al*

()

f)find : two solutions ,one sol,two sol,no sol
—> ql8:s0lve(ql7,y)$ ql8a:part(ql8,1); ql8b:part(ql8,2);

y=—((b2 — bl +%ia2 — %ial) 2% + (=b2 + b1 — %ia2 + %ial) r1® — b2° + (b1 — %ia2 + %ial) b2?
+ (b1 + (2%ia2 — 2%ial) b1 — a2® + 2al a2 — a1?) b2 — b1° + (%ial — %ia2) b1?
+ (—a2® 4+ 2a1 a2 — a1®) b1 — %ia2® + 3%ial a2 — 3%ial® a2
+ %ial®)/(202% — 4b1 b2 + 2017 4 2022 — 4al a2 + 2a1?)
(6)

y=—((b2 — b1 — %ia2 + %ial) r2% + (—b2 + b1 + %ia2 — %ial) r1* — b2 + (b1 + %ia2 — %ial) b2>
+ (b1 + (2%ial — 2%ia2) b1 — a2® + 2al a2 — a1?) b2 — b1® + (%ia2 — %ial) b1”
+ (—a2® 4+ 2a1 a2 — a1®) b1 + %ia2® — 3%ial a2” + 3%ial® a2
— %ia1®)/(202% — 4b1 b2 + 2b1% + 2022 — 4al a2 + 2a1?)
(7)

ql8a : y ->x (from q15) ql18b : y ->x(from q15)
- ql9a:ev(ql5,ql8a); q19b:ev(ql5,ql8b);

x=—(—((202 — 2b1) (b2 — b1 + %ia2 — %ial) (8)
r22+(—b2+b1 —%ia2+%ial) r1>—b2°+ (b1 —%ia2+%ial) b2°+ (b1°+(2%ia2—2%ial) b1 —a2’+2al a2—al?) b2—b1°+(%ial —
+ 722 — 1% — 2% + 017 — 2% + a1?) /(202 — 2al)

x=—(—((202 — 2b1) ((b2 — b1 — %ia2 + %ial) 9)
r22+(—b2+b1+%ia2 —%ial) r1*—b2°+ (b1 +%ia2 —%ial) b2°+ (b1°+(2%ial —2%ia2) bl —a2?+2al a2—al?) b2—b1>+(%ia2 —
+ 722 — 1% — 2% + b1 — 2% + a1?)/(2a2 — 2al)



example : circlel and circle 2

- vl:al=2$ v2:b1=3% v3:r1=3% v4:a2=1$ v5:b2=-1$ v6:r2=49
—> z1:(-1)*expand(ev(p3,v1,v2,v3)); z2:expand(ev(p4,v4,v5,v6));

—y+6y—2?+4x—13=-9 (%6044)
42y +at—22+2=16 (%045)
—> z3:214-22;
8y+2x—11=7 (%046)
- z4:1hs(23)-rhs(23)=0;
8y+2x—-18=0 (%047)
- z5:part(solve(z4,x),1);
r=9—4y (%048)
- 76:(-1)*expand(ev(z1,z5));
17y* — 62y +58 = 9 (%049)

- z7:solve(z6,y);

y=-2 = T (%050)
yly2
- z7a:float(part(27,1,2)); z7b:float(part(z7,2,2));
1.158017147118543 (%o051)
2.489041676410868 (%052)
x1,x2
—> z8a:subst(z7a, y, z5); z8b:subst(z7b, y, z5);
r = 4.367931411525827 (%053)
r = —0.956166705643474 (%054)

two points (x1,yl) and (x2,y2)



