Levi-Civita symbol

Levi-Civita symbol

The Levi-Civita symbol, also called the permutation symbol, antisymmetric symbol, or alternating symbol, is a
mathematical symbol used in particular in tensor calculus. It is named after the Italian mathematician and physicist
Tullio Levi-Civita.

Definition

In three dimensions, the Levi-Civita symbol is defined

as follows:

Values of the Levi-Civita symbol
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Values of the Levi-Civita-Symbol for a right-handed coordinate

system.

+1 3 (3,4, k) is (1,2,3),(3,1,2) or (2,3,1),
gy =14 —1 if(i,4,k) 15 (1,3,2),(3,2,1) or (2,1, 3),
0 fe=jorg=kork=z
i.e. €ikis 1if (4, j, k) is an even permutation of (1,2,3), —1 if it is an odd permutation, and O if any index is repeated.
The formula for the three dimensional Levi-Civita symbol is:
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The formula in four dimensions is:
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Levi-Civita symbol

For example, in linear algebra, the determinant of a 3x3
matrix A can be written

3 3 3
det A = Z Z Z €ijk01;02;03k

i=1j=1k=1
(and similarly for a square matrix of general size, see
below)

and the cross product of two vectors can be written as a

determinant: Visualization of the Levi-Civita symbol as a 3x3x3 matrix. i is the
depth, j the row and k the column.

Corresponding visualization of the Levi-Civita-Symbol for a
left-handed coordinate system. Empty cubes mean 0, red ones +1,
and blue ones -1.

e e, €3 3 3 3
axb=|a a; az|= E E E Eijkeiajbk
by by by i=1 j=1 k=1

or more simply:

3 3
axb= C, ¢, = E E E.Ejka,jbk.

j=1 k=1
According to the Einstein notation, the summation symbols may be omitted.
The tensor whose components in an orthonormal basis are given by the Levi-Civita symbol (a tensor of covariant
rank n) is sometimes called the permutation tensor. It is actually a pseudotensor because under an orthogonal
transformation of jacobian determinant —1 (i.e., a rotation composed with a reflection), it acquires a minus sign.
Because the Levi-Civita symbol is a pseudotensor, the result of taking a cross product is a pseudovector, not a

vector.

Note that under a general coordinate change, the components of the permutation tensor get multiplied by the
jacobian of the transformation matrix. This implies that in coordinate frames different from the one in which the
tensor was defined, its components can differ from those of the Levi-Civita symbol by an overall factor. If the frame

is orthonormal, the factor will be =1 depending on whether the orientation of the frame is the same or not.
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Relation to Kronecker delta

The Levi-Civita symbol is related to the Kronecker delta. In three dimensions, the relationship is given by the

following equations:

0t Oim Oin
Eijk:elmn = det 5_7' (Sj (Sj'n,
6kl dkm dkn

- 611 (6jm6kn - Jjnakm) - Jim (ledkn - ajndkl) + 61',7:, (leakm - ijakl)
3
Z €ijkEimn = 0jmOkn — 0jnOkm ("contracted epsilon identity")
i=1

In FEinstein notation, the duplication of the i index implies the sum on i. The previous is then denoted:
EijkCimn = 5jm5kn — 5jn5km .
3 3

Z Z EijkEijn = 20kn
i=1 j=1
Generalization to n dimensions
The Levi-Civita symbol can be generalized to n dimensions:
+1 if (¢,4,k,1,...) is an even permutation of (1,2,3,4,...)
it =4 —1 if(4,7,k,1,...) is an odd permutation of (1,2,3,4,...)
0 otherwise
Thus, it is the sign of the permutation in the case of a permutation, and zero otherwise.

Some generalized formulae are:

n n—1 n
€arazas..an = SBI | |(aj —a;) | =sgn | | H (a; — a;)
i<y i=1 j=i+1
where n is the dimension (rank), and

[Ii,la;—a)) = /(1 F
€ataza Gp — = I (U,' - a’i)
G(n+1) 131 il ;,-:1H+1 ’
where G(n) is the Barnes G-function.

For any n, the property

7

Z Eijk..Eijk... — n!
1y, k=1

follows from the facts that (a) every permutation is either even or odd, (b) (+1)2 = (-1)2 =1, and (c) the permutations

of any n-element set number exactly n!.
In index-free tensor notation, the Levi-Civita symbol is replaced by the concept of the Hodge dual.

In general, for n dimensions, one can write the product of two Levi-Civita symbols as:

é‘7313'1 67;1j2 Jilj'n.

—d 67;2j1 6732j2 00D Jizjn
Eiriy...in€irja...gn = d€L | . : :

Oinjr i Birjn
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Properties
(in these examples, superscripts should be considered equivalent with subscripts)

1. In two dimensions, when all %, j, m, narein {1,2},

gijgm‘” = 5,:”5;" S 5,:"5;” (1)

e = 5 )
Sij“fij = (3)
2. In three dimensions, when all 4, 7, k, m, narein {1,2, 3},
Ejmne ™™ = 287 (4)
e = 6 5)
Eijhe " = 670 — 6767 (6)
3. In n dimensions, when all 41, ..., %, J1, ..., jnarein {1, ... n},:
€ip..5, €I = 11',!6“[111 e 513.:] (7)
iy i trin W I — Bl — K)L S 6T (8)
€irnin€ ™ =l (9)

Proofs

For equation 1, both sides are antisymmetric with respect of ¢7 and 7. . We therefore only need to consider the
case 1 7 7 and m £ n. . By substitution, we see that the equation holds for 512512, ie., for § = m = land

4 =mn = 2. (Both sides are then one). Since the equation is antisymmetric in £§ and 1nm. , any set of values for
these can be reduced to the above case (which holds). The equation thus holds for all values of 27 and mn . Using
equation 1, we have for equation 2

g€ = 8167 — OP6L = 267 — 67 = 67

Here we used the Einstein summation convention with 3 going from ]to 2. Equation 3 follows similarly from
equation 2. To establish equation 4, let us first observe that both sides vanish when ¢ 7 j . Indeed, if ¢ # j , then
one can not choose 1 and 7 such that both permutation symbols on the left are nonzero. Then, with 7 = j fixed,
there are only two ways to choose 7 and 7 from the remaining two indices. For any such indices, we have
sjmnsim” = (sim”)2 = 1(no summation), and the result follows. Property (5) follows since 3! = Gand for any

distinct indices 7, §, k in {1,2,3}, we have sijksijk = 1(no summation).

Examples

1. The determinant of an . X m matrix A = (a;;) can be written as
det A = Eiin @iy " " " Ay s

where each ¢; should be summed over 1, ..., n.

3

Equivalently, it may be written as

1
det A = Esil'“inejl"'jnailjl Qg

where now each 4; and each 7; should be summed over 1, ..., 7.

7
2.If A = ( Al, AQ, A3)and B = ( Bl’ 327 B3) are vectors in [3(represented in some right hand oriented

orthonormal basis), then the 5 th component of their cross product equals

(A x B = i/ A1 B¥.
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For instance, the first component of 4 x Bis A2R3 _ A3R2. From the above expression for the cross product,
itis clear that A x B = — B x A . Further, if = (CI, 02, 03)is a vector like 4 and A, then the triple
scalar product equals

A-(BxC) =" A'BIC*
From this expression, it can be seen that the triple scalar product is antisymmetric when exchanging any adjacent

arguments. For example, A4 - (B X C’) =-B. (A X C’).
3. Suppose F = ( F17 F27 F3)is a vector field defined on some open set of R3with Cartesian coordinates

T = (zl, 3;2’ $3) . Then the 4 th component of the curl of F equals

(V x F)i(z) = Eijk%Fk(x).

Notation

A shorthand notation for anti-symmetrization is denoted by a pair of square brackets. For example, in arbitrary

dimensions, for a rank 2 covariant tensor M,

1
M[ab] - E(Mab - Mba) ;

and for a rank 3 covariant tensor T,

1
ﬂabc] = g(Tabc - Ta.cb + Tbca. - Tbac + Tcab - cha) .

In three dimensions, these are equivalent to

1
M[ab] = Eabc _| EdeCMde ’

2!
1 def
ﬂabc] = Eabe g £ Tde_f .
While in four dimensions, these are equivalent to
1 1
M[ab] - § Eabed E EEdeMef ;
Tiapg = L cesoi,
[abe] — Eabed § € efg -
More generally, in n dimensions
1

1

— c1...¢5 b1...bpy_j

1= ————¢ by b € Seyoei -
@] ..., . @] ...0 . —q - Ccl...C
1...04] (’!’L — Z)' 1-0¢ brobni oy 1.6

S

Tensor density

In any arbitrary curvilinear coordinate system and even in the absence of a metric on the manifold, the Levi-Civita
symbol as defined above may be considered to be a tensor density field in two different ways. It may be regarded as

a contravariant tensor density of weight +1 or as a covariant tensor density of weight -1. In four dimensions,

5
g2Br0 — Eafrys -

Notice that the value, and in particular the sign, does not change.
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Ordinary tensor

In the presence of a metric tensor field, one may define an ordinary contravariant tensor field which agrees with the
Levi-Civita symbol at each event whenever the coordinate system is such that the metric is orthonormal at that event.
Similarly, one may also define an ordinary covariant tensor field which agrees with the Levi-Civita symbol at each
event whenever the coordinate system is such that the metric is orthonormal at that event. These ordinary tensor
fields should not be confused with each other, nor should they be confused with the tensor density fields mentioned
above. One of these ordinary tensor fields may be converted to the other by raising or lowering the indices with the
metric as is usual, but a minus sign is needed if the metric signature contains an odd number of negatives. For

example, in Minkowski space (the four dimensional spacetime of special relativity)

B = —g*gP1 g7 9" By, .

Notice the minus sign.
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